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Adaptive Sliding-Mode Guidance of a Homing Missile

Di Zhou, Chundi Mu, and Wenli Xu
Tsinghua University, 100084 Beijing, People’s Republic of China

Sliding-mode control is applied to design robust homing missile guidance law. The suf� cient and necessary
condition for the sliding-mode motion of a linear time-varying system not to be affected by disturbances and the
suf� cient condition for that motion not to be affected by parameter perturbations are given. An adaptive reaching
law of sliding mode for a linear time-varying system is then presented and used to derive an adaptive sliding-mode
guidance law. Theoretical analysis and simulation results show that the adaptive sliding-mode guidance law is
robust against disturbances and parameter perturbations. Furthermore, the presented guidance law is simple to
implement in practice.

I. Introduction

F OR an applicationin practicalguidance,a guidance law should
be robust to uncertainties.Because sliding-mode control is ro-

bust to parameterperturbationsand externaldisturbances,1 applying
sliding-modecontrol to design guidance law has been investigated.
Brierley and Longchamp2 applied a sliding-mode control law to a
nonlinear system representing an air-air missile-target interception
process. They proved that the performance of the feedback con-
troller is robust to certain parameter variations in the model.2 Babu
et al.3 proposeda new form of proportionalnavigationguidancelaw
with an additive-switchedbias term for short-rangehomingmissiles
by invoking sliding-modecontrol theory.3;4
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This work deals with an application of sliding-mode control to
the guidance of homing missiles for achieving a robust guidance
law. The suf� cient and necessary condition for the sliding-mode
motion of a linear time-varying system not to be affected by distur-
bances and the suf� cient conditionfor that motion not to be affected
by parameter perturbations are presented in Sec. II. A linear time-
varyingmodel describingthe missile-targetengagement is provided
in Sec. III. Based on the theory in Sec. II and the model in Sec. III,
sliding-mode control is used to derive an adaptive sliding-mode
guidance law (ASMG) in Sec. IV. Simulation results are provided
to show that the ASMG is robust to uncertainties in Sec. V. Finally,
the conclusions are presented in Sec. VI.
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II. Invariance of Sliding Mode to Disturbances
and Parameter Perturbations

A sliding-mode control system is well known to be robust to
certain disturbancesand parameter perturbations.In this section we
will study the conditions for the sliding-mode motion of a linear
time-varying system not to be disturbed by the two uncertainties.

Consider a linear time-varying system

Px D A.t/x C B.t/u x 2 Rn ; u 2 Rm (1)

where x represents the system state, u represents the control vector,
t represents time, and A.t/ and B.t/ are time-varyingmatrices with
appropriate dimensions. Let the switching function be

s D C.t/x s 2 Rm (2)

The sliding mode is in the subspace of s D 0. In the following part
of this section, we will discuss the behaviors of the sliding-mode
system (1–2) under disturbances and parameter perturbations.

A. Invariance to Disturbances
Consider system

Px D A.t/x C B.t/u C D.t/f x 2 Rn; u 2 Rm ; f 2 Rl

(3a)

s D C.t/x s 2 Rm (3b)

where f represents a l £ 1 disturbance vector and D.t/ is a n £ l
time-varying matrix.

The followingtheoremindicates the behaviorof the sliding mode
under the disturbance vector f .

Theorem 1: The sliding mode of system (3) would not be affected
by any disturbance if and only if

rank[B.t/; D.t/] D rank[B.t/]

To prove Theorem 1, we need a lemma.
Letting Ps D 0 with system (3) induces

[ PC.t/ C C.t/A.t/]x C C.t/B.t/u C C.t/D.t/f D 0 (4)

Assume that m £ m matrix C.t/B.t/ is invertible; thus, the equiva-
lent control

u D ¡[C.t/B.t/]¡1[ PC.t/ C C.t/A.t/]x

¡ [C.t/B.t/]¡1C.t/D.t/f (5)

can be solved from Eq. (4).
Substituting Eq. (5) into Eq. (3a) gives the differential equation

of the sliding-mode motion

Px D fA.t/ ¡ B.t/[C.t/B.t/]¡1[ PC.t/ C C.t/A.t/]gx

C fI ¡ B.t/[C.t/B.t/]¡1C.t/gD.t/f (6a)

Moreover, s D 0 is

C.t/x D 0 (6b)

With Eq. (6a), it is enough to obtain the following lemma.
Lemma 1: The sliding-mode motion of system (3) would not be

affected by any disturbance if and only if

fI ¡ B.t/[C.t/B.t/]¡1C.t/gD.t/f D 0 (7)

Next, Theorem 1 is to be proved.
Proof:
1) Necessity:
Rewrite Eq. (7) as

D.t/f D B.t/[C.t/B.t/]¡1C.t/D.t/f (8)

which indicatesthat any linearcombinationof thecolumnsof matrix
D.t/ must be the linear combination of the columns of matrix B.t/,
i.e.,

rank[B.t/; D.t/] D rank[B.t/]

2) Suf� ciency:
Because

rank[B.t/; D.t/] D rank[B.t/]

we have

D.t/f D B.t/m.t/

where m.t/ is a m-dimensional column vector.
Under this condition, it follows that

B.t/[C.t/B.t/]¡1C.t/D.t/f D B.t/[C.t/B.t/]¡1C.t/B.t/m.t/

D B.t/m.t/ D D.t/f

Therefore, with the results in 1 and 2, it is easy to � nd that

rank[B.t/; D.t/] D rank[B.t/]

, fI ¡ B.t/[C.t/B.t/]¡1C.t/gD.t/f D 0

Now, for Lemma 1, Theorem 1 has been proved.

B. Invariance to Parameter Perturbations
Consider system

Px D A.t/x C 1 A.t/x C B.t/u x 2 Rn; u 2 Rm (9a)

s D C.t/x s 2 Rm; m < n (9b)

The following theoremindicates the behaviorof the slidingmode
under a parameter perturbationmatrix 1 A.t/.

Theorem 2: The sliding mode of system (9) would not be affected
by any parameter perturbation if

rank[B.t/; 1 Ati ] D rank[B.t/] i D 1; 2; : : : ; n ¡ m

where ti is the column vector of a n £ .n ¡ m/ matrix T.t/, which
constitutes the base of subspace s0 D kerC.t/, i.e., C.t/T.t/ D 0.

Proof:
The equation of the sliding-mode motion of system (9) is

Px D A.t/x C 1 A.t/x C B.t/u C.t/x D 0

Solving Ps D 0, i.e.,

PC.t/x C C.t/A.t/x C C.t/1 A.t/x C C.t/B.t/u D 0

we have the equivalent control

u D ¡[C.t/B.t/]¡1[ PC.t/ C C.t/A.t/ C C.t/1 A.t/]x

Here, the m £ m matrix C.t/B.t/ is assumed to be invertible.Thus,
the equation of sliding-mode motion is

Px D fA.t/ ¡ B.t/[C.t/B.t/]¡1[ PC.t/ C C.t/A.t/]gx

C fI ¡ B.t/[C.t/B.t/]¡1C.t/g1 A.t/x (10a)

C.t/x D 0 (10b)

Apparently, if

fI ¡ B.t/[C.t/B.t/]¡1C.t/g1 A.t/x D 0 (11)

then 1 A.t/ will not disturb the sliding-mode motion.
When x 2 s0 D ker C.t/, there exists a n ¡ m dimensionalcolumn

vector ® to make

x D T.t/®; T.t/ D [t1.t/ ¢ ¢ ¢ tn ¡ m.t/]
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where T.t/ satis� es C.t/T.t/ D 0 and t1.t/; : : : ; tn ¡ m.t/ are linearly
independentn dimensional column vectors.

Because

rank[B.t/; 1 A.t/ti .t/] D rank[B.t/] i D 1; 2; : : : ; n ¡ m

i.e.,

rank[B.t/; 1 A.t/T.t/] D rank[B.t/]

gives

1 A.t/T.t/® D B.t/m.t/

where m.t/ is a m-dimensional column vector, we obtain

B.t/[C.t/B.t/]¡1C.t/1 A.t/T.t/®

D B.t/[C.t/B.t/]¡1C.t/B.t/m.t/ D B.t/m.t/

D 1 A.t/T.t/®

that is,

fI ¡ B.t/[C.t/B.t/]¡1C.t/g1 A.t/T.t/®.t/ D 0 (12)

Equation (12) is equivalent to Eq. (11); therefore,

rank[B.t/; 1 A.t/ti .t/] D rank[B.t/] i D 1; 2; : : : ; n ¡ m

is suf� cient for the sliding-mode motion not to be disturbed by
1 A.t/.

Now, Theorem 2 has been proved.
In the last part of this section, we consider a canonical form

system

Px i D xi C 1 i D 1; 2; : : : ; n ¡ 1 (13a)

Pxn D ¡aT .t/x ¡ 1aT .t/x C b.t/u C d.t/f (13b)

where a.t/ and 1a.t/ are n-dimensional column vectors and 1a.t/
representsthe perturbationof a.t/. Verifyingthat the canonicalform
system naturally satis� es the invarianceconditions of sliding mode
to disturbances and parameter perturbations is easy.

III. Formulation of Missile-Target Engagement
To describe the missile-target engagement, we choose a line of

sight (LOS) coordinatesystem .ox3 y3z3/ as the referencecoordinate
system where the origin o is taken to be the current mass center
of the missile and the x3 axis is taken to be the initial LOS. The
y3 axis is perpendicular to the x3 and positive upward. The z3 axis
shouldbe determinedby the right-handrule. During the interception
process,de� ne the elevationangle and azimuth anglewith reference
to ox3y3z3; then both of them are small variables.Moreover, the roll
angleof themissile is zeroedby themissile’s attitudecontrolsystem,
so we may assume that the elevation loop and the azimuth loop are
not coupled with each other. In the following discussion we need
to study the target-to-missile motion in only one of the loops, for
example, the elevation loop because the motion in the azimuth loop
is similar to that in the elevation loop.

Assume that q.t/ represents the elevation angle, r .t/ represents
the target-to-missile range, and ry3 .t/ represents the component of
r.t/ in axis y3 .

Because q.t/ is a small variable, we have

q.t/ D
ry3 .t/

r .t/
(14)

DifferentiatingEq. (14) twice with respect to time produces

Rq.t/ D ¡a1.t/q.t/ ¡ a2.t/ Pq.t/ C b.t/Rry3 .t/ (15)

where

a1.t/ D Rr.t/=r.t/; a2.t/ D 2Pr .t/=r.t/; b.t/ D 1=r.t/
(16)

Rry3 .t/ D ¡aM .t/ C aT .t/ (17)

In Eq. (17) aM and aT .t/ represent the missile’s acceleration and
the target’s acceleration in axis y3 , respectively.

Substituting Eq. (17) into Eq. (15) gives

Rq.t/ D ¡a1.t/q.t/ ¡ a2.t/ Pq.t/ ¡ b.t/aM .t/ C b.t/aT .t/

Let x1 D q.t/ and x2 D Pq.t/. The � rst-order linear time-varyingdif-
ferential equation group used to describe the missile-targetengage-
ment takes the form of

Px1

Px2
D

0 1

¡a1.t/ ¡a2.t/

x1

x2
C

0

¡b.t/
u C

0

b.t/
f (18)

where u D aM .t/ and f D aT .t/ are respectivelythe control variable
and the disturbance in system (18).

IV. ASMG
Based on the theory in Sec. II, system (18) is obviously a canoni-

cal form system and is robust to disturbancesand parameter pertur-
bations. In fact, r .t/ and Pr .t/, which determine the two parameters
a1.t/ and a2.t/, cannotbemeasuredor estimatedaccurately,so these
are two perturbationparameters. If the target performs a maneuver
normal to the LOS, then its acceleration constitutes a disturbance.
In short, both disturbancesand parameter perturbationsexist in sys-
tem (18) inevitably, so that designing a robust guidance law with
sliding-mode control theory is very signi� cant.

Based on the heuristic that zeroing the LOS angular rate must
eventually lead to intercept, we choose the switching function as

s D r.t/ Pq.t/ (19)

Integrating Eq. (19) with system (18), we have

s D r.t/x2 (20)

Using a reaching law of sliding mode to synthesize a sliding-
mode control system can achieve good dynamical performance.1

In general, a reaching law is described by the following � rst-order
differential equation:

Ps D ¡f .s/ ¡ " sgn .s/; " > 0
(21)

f .0/ D 0; s f .s/ > 0 if s 6D 0

where f .s/ denotes a function about s.
For a constant system or a slow time-varyingsystem, satisfactory

dynamical performance may be achieved by using an exponential
reaching law, i.e.,

Ps D ¡ks ¡ " sgn s k > 0; " > 0;
(22)

k D const; " D const

System (18) is a fast time-varyingsystem, and so Eq. (22) is ineffec-
tive. Especially, when r .t/ ! 0, the inertia of a constant reaching
law will make the LOS angular rate diverge, and this phenomenon
will amplify the miss distance. Therefore, an adaptive reaching law
must be considered. Its general form is

Ps D ¡f .s; p/ ¡ ". p/ sgn .s/; ".p/ > 0
(23)

f .0; p/ D 0; s f .s; p/ > 0 if s 6D 0
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where p represents the parameters in the sliding-mode system.
We choose

Ps D ¡
kjPr.t/j
r.t/

s ¡ " sgn s

(24)
k D const > 0; " D const > 0

as the adaptive reaching law. The physical meaning of Eq. (24) is
that the speed of tending to the sliding mode is adjusted with the
target-to-missileranger .t/. Especiallywhen r .t/ is near to zero, the
speed arises rapidly to prevent Pq.t/ from diverging. This reaching
law is also useful for alleviating chattering.

DifferentiatingEq. (20) and considering system (18) give

Ps D Pr.t/x2 C r.t/ Px2 D ¡Pr .t/x2 ¡ Rr .t/x1 ¡ u C f (25)

where r.t/ > 0 and Pr.t/ < 0.
Substituting Eq. (25) and Eq. (20) into Eq. (24) gives

u D .k C 1/jPr .t/jx2 ¡ Rr .t/x1 C " sgn x2 C f (26)

which is an exact expression of the ASMG.
In fact, the target’s acceleration is unknown and is viewed as a

disturbance, so a practical ASMG should be

u D .k C 1/jPr.t/jx2 ¡ Rr .t/x1 C " sgn x2 (27)

To implement Eq. (27) precisely, Pr.t/ and Rr.t/ should be known.
In practice, the sliding-mode control system is robust to parameter
perturbations, so that Pr .t/ and Rr.t/ need not be estimated on line,
but may be assumed to be constants, i.e., Pr.t/ ¼ OPr .0/ D const, and
Rr.t/ ¼ 0, where OPr.0/ represents the initial estimate value of relative
speed.

Furthermore, to alleviate chattering, the variable structure item
" sgn x2 can be replaced with a continuous function "x2=.jx2j C ±/,
where ± is a small positive real number.

Thus, a simpli� ed ASMG is written as

u D .k C 1/jOPr.0/jx2 C "x2=.jx2j C ±/ (28)

Equation (28) shows that the ASMG is improved relative to pro-
portional navigation (PN) and is simple to implement in practice.
The effective navigation ratio k C 1 is usually 3 » 5.

By the second method of Lyapunov, let the Lyapunov function
be V D 1

2
x2

2 . DifferentiatingV with respect to time and considering
system (18) give

PV D x2 ¡
Rr.t/

r.t/
x1 ¡ 2Pr.t/

r.t/
x2 ¡

u

r.t/
C

f

r.t/
(29)

Substituting Eq. (27) into Eq. (29) gives

PV D .k ¡ 1/Pr .t/

r.t/
x2

2 ¡ ." sgn x2 C f /

r.t/
x2 (30)

Equation (30) shows that when k > 1, if " > j f j, PV < 0 is then suf� -
ciently guaranteed. Assuming that k > 1, Pr.t/ · ¡¯ < 0, 0 < r
.t/ · M , ¯ and M are constants, and " > j f j, then

PV D
.k ¡ 1/ Pr .t/

r.t/
x2

2 ¡
." sgn x2 C f /

r.t/
x2 · ¡

2.k ¡ 1/¯

M
V

) V .t/ · V0 exp[2.k ¡ 1/¯=M ]t ) V .t/ ! 0; t ! 1

i.e., x2 D Pq ! 0

V. Simulation of Space Interception
In this section we apply the ASMG to the space interception

problem. In the simulation the missile is modeled by the dynamical
system with six degrees of freedom, and the target is modeled by
the dynamical system with three degreesof freedom. The following
coordinate systems are adopted:

Earth Center Inertia Coordinate System oe xe ye ze

The origin oe is taken to be the center of the Earth. The vertical
plane oexe ye coincides with the translation plane of the target. The
xe axis directs to a star. The ye axis is perpendicularto the xe , and its
positive direction directs upward. The target is in the � rst quadrant
of plane oexe ye . The ze axis is determined by the right-hand rule.

Inertia Reference Coordinate System o0xyz
For the whole intercept period the origin o0 is taken to be the

initial mass center of the missile. Axes x , y, and z are parallel to
axes xe; ye , and ze , respectively.

Missile Body Coordinate System ox1 y1z1

The origin o is taken to be the current mass center of the missile.
The x1 axis coincides with the missile longitudinal axis, and its
positive direction directs to the nose of the missile. The y1 axis is in
the vertical plane of symmetry of the missile body, and its positive
directiondirectsupward.The z1 axis is determinedby the right-hand
rule.

Missile Translation Coordinate System ox2 y2z2

The origin o is taken to be the current mass center of the missile.
The x2 axis coincides with the direction of º M , the velocity of the
missile mass center. The y2 axis is in the vertical plane contain-
ing º M . It is perpendicular to the x2 and positive upward. The z2

axis is determined by the right-handrule. Rotating o0xyz to ox2 y2z2

produces the missile’s vertical � ight-path angle µM and horizontal
� ight-path angle ’M . In the same way it is easy to set up the target
translation coordinate system o00x2 y2z2 and de� ne the target’s ver-
tical � ight-path angle µT and horizontal � ight-path angle ’T , where
the origin o00 is the current mass center of the target.

The missile’s initial velocity and � ight-path angles are

ºM0 D 3500 m/s; µM0 D 50 deg; ’M0 D ¡1:5 deg

(31)

The missile’s initial position in the coordinate system o0xyz is

xM0 D 0 km; yM0 D 0 km; zM0 D 0 km (32)

The target’s initial velocity and � ight-path angles are

ºT 0 D 7300 m/s; µT 0 D 10 deg; ’T 0 D 180 deg

(33)

The target’s initial position in o0xyz is

xT 0 D 100 km; yT 0 D 15 km; zT 0 D 1 km (34)

In the interception process the LOS angular rates are measured
by an infrared seeker installed in the front of the missile. A micro-
computer on the missile inputs the LOS angular rates and calculates
guidance commands by guidance law. The sampling period of the
microcomputer is 20 ms. Translation thrusters are then controlled
to apply forces according to the guidance command. Around the
mass center of the missile are located four independentlycontrolled
thrusters. Two of them are aligned with the positive and negative
direction of the horizontal body axis y1 . Another two are aligned
with the positive and negative direction of the vertical body axis z1.

Assume that thecontrolforce is a constantovera samplingperiod.
The effect of force in every sampling period can be achieved by
controlling the opening time and the closing time of the proper
thruster. The maximum translation acceleration of the missile in
both the elevation loop and the azimuth loop are 10 m/s2.

A. PN
First, the simulation results for a conventionalguidance method,

PN, are given and will form the baseline for comparison purposes.
For this case

u D K jPr.t/jx2 (35)
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Fig. 1 Elevation angular rate.

Fig. 2 Azimuth angular rate.

Fig. 3 Guidance command in the elevation loop.

The effective navigation ratio is usually chosen as K D 3 » 5. Here
we let K D 4 and use an initial estimate value OPr .0/ D ¡8558 m/s
to replace Pr.t/ because the infrared seeker cannot measure Pr .t/.
The target begins a maneuver at t D 2 s with aTy2

D 5 m/s2 and
aTz2

D 5 m/s2 where aTy2
and aTz2

are the components of target ac-
celeration in the target translation coordinate system o00x2 y2z2. The
maneuver lasts for all of the subsequent time of the interception
process.

The variations of the elevation angular rate and the azimuth an-
gular rate under the PN are respectivelyshown in Figs. 1 and 2. The
results show that the LOS angular rates will ultimately diverge be-
cause the targetmaneuversaturatesthe PN’s guidancecommands in
both elevation loop and azimuth loop (see the dotted lines in Figs. 3
and 4). The divergenceof LOS angular rates amplify the � nal miss
distance, which can be clearly seen from the eventual � ight path of
the missile in Figs. 5 and 6 (see the dotted lines). In fact, the � nal
miss distance of PN is 0.94 m.

Fig. 4 Guidance command in the azimuth loop.

Fig. 5 Eventual � ight path in the xy plane.

Fig. 6 Eventual � ight path in the xz plane.

B. ASMG
Next, we demonstrate the performance of the ASMG with k D 3

and " D 1. Also let the initial estimation value of the relative speed
be OPr.0/ D ¡8558 m/s. The real value of Pr .0/ is ¡9544 m/s. This es-
timation error will not produceapparent impact on guidance results,
becausetheASMG is robust to parameterperturbations.The target’s
maneuver begins at t D 2 s with aTy2

D 5 m/s2 and aTz2
D 5 m/s2 and

lasts for all of the subsequent time of the interception process.
In theory, if " is chosen to be larger than j f j, then Pq.t/ tends to

zero. In practice, precise guidance requires that Pq.t/ lie in a region
that is suf� ciently near zero while the guidance is terminated for the
missile’s seeker stepping into its blind area. For this reason we let "
be an appropriatepositivevalue less than j f j, for instance, let " D 1;
then Pq.t/ is not nulli� ed but restricted in a mini-neighboringregion
of zero. Because Pq.t/ does not have to remain at zero, no chattering
occurs.

The variations of the elevation angular rate and the azimuth an-
gular rate under the ASMG are also respectively plotted in Figs. 1
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and 2 to compare with the results of PN. With the effect of " term,
the LOS angular rates are restricted in a small neighborhood of
zero before the guidance is terminated, so that the missile is guided
so precisely that the � nal miss distance is only 0.001 m, which is
hardly seen from the missile’s � ight path in Figs. 5 and 6 (see the
solid lines). Moreover,no chatteringis visible from the variationsof
LOS angular rates under the ASMG for the applicationof the adap-
tive reaching law and the appropriate choice of ". This result also
can be seen from the variationsof the ASMG’s guidancecommands
in both elevation loop and azimuth loop (see Figs. 3 and 4). No fre-
quent switches are needed in the guidancecommands; therefore,no
chattering occurs. Another fact in Figs. 3 and 4 is that the target
maneuver has not saturated the ASMG’s guidance commands; this
ensures the stability of the LOS angular rates.

VI. Conclusions
The adaptive sliding-mode guidance law has good performance

in intercepting a maneuvering target because it is robust against
disturbances and parameter perturbations.Moreover, this guidance

law is apt to be implemented in practice for its ability to eliminate
chattering and its simple form.
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